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Re´sume´ :
Les structures tourbillonnaires d’e´coulement de paroi turbulent avec recirculation sont analyse´es en
utilisant les donne´es issues d’une Simulation Nume´rique Directe realise´e a` un nombre de Reynolds de
617 (base´ sur la vitesse de frottement). La simulation a e´te´ re´alise´e pour un e´coulement incompressible
et isotherme sur une bosse lisse dans un canal convergent-divergent. L’e´coulement est soumis a` un gra-
dient de pression adverse dans la partie divergente de la ge´ome´trie. Une e´tude de´taille´e des structures
tourbillonnaires est effectue´e. L’objectif est d’e´tudier les effets de gradient de pression adverse sur les
structures tourbillonnaires dans les plans longitudinaux et transverses. Les tourbillons sont extraits
des champs de vitesse instantane´s en utilisant le crite`re de swirling strength. L’effet du gradient de
pression adverse sur les tourbillons est e´value´es sur des caracte´ristiques moyenne telles que la den-
site´, le rayon et sense de rotation. Il a e´te´ trouve´ que un gradient de pression adverse et recirculation
d’e´coulement me`nent a` la creation d’une population des tourbillions proche-paroi avec une vorticite´ de
meˆme signe que la vorticite´ moyenne dans le plan longitudinal.
Abstract :
Hairpin or horse-shoe vortices are a widely-accepted feature of the wall-bounded flows. These vortical
structures have mostly been studied in canonical flows. Relatively few studies have been conducted
on the characteristics of the vortical structures in wall-bounded flows with adverse pressure gradient
and still fewer on the detached flows with recirculation. In the present contribution, vortices have
been educed using a DNS database of incompressible flow over a 2-dimensional surface bump in a
converging-diverging channel at a friction Reynolds number Reτ of 617. Vortices have been educed from
the instantaneous velocity field in streamwise/wall-normal and spanwise/wall-normal planes using the
signed swirling strength criterion. Vortex validation is done through a fit of the vortex velocity field
to the Oseen vortex model. The effects of a strong adverse pressure gradient and flow reciruclation
on the population density, sizes, vorticity and other characteristics of the streamwise and spanwise-
oriented vortices have been studied. It has been found that a strong adverse pressure gradient and flow
recirculation leads to the generation of a new near-wall population of small spanwise prograde vortices.
1 Introduction
A turbulent flow consists of coherent and incoherent motions with varying scales. These coherent mo-
tions or structures were termed as “organised motion” in an effort to search for order in the apparent
disorder of turbulence. Vortical structures play an important role in heat, mass and momentum trans-
port in turbulent flows and this makes them important for combustion, chemical reactions as well as
drag and aerodynamic noise. These structures have been observed in a variety of types according to
size, shape, orientation, aspect ratio, convection velocities, strength, etc. The existence of hairpin vor-
tices inclined to the streamwise direction, first proposed by Theodorsen (1952), was confirmed through
flow visualization by Head and Bandyopadhyay (1981). They further proposed that this structure is
inclined at 45◦ to the streamwise direction. This three-dimensional vortical structure is composed
of a pair of counter-rotating legs that are joined through a head segment. The properties like size,
orientation, etc of the streamwise vortical structures very near to the wall were first investigated by
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Fig. 1 – Geometry of the bump. Solid vertical lines show the planes used for vortex detection. The
dashed lines xs and xr show the mean separation and re-attachement points. Flow is from left to right
Blackwelder and Eckelmann (1979). They found the expected vortex center at y+ ≈ 15, core radius
r+o ≈ 15, streamwise length of around 200+ and spanwise spacing of 50+−200+, where ‘+’ denotes the
wall unit scaling and y is the wall-normal coordinate. While earlier studies of vortices were mostly done
through Particle Image Velocimetry, recently some Direct Numerical Simulations have been carried
out at friction velocity Reynolds number of upto 2000.
Wu and Moin (2009) performed a DNS of zero-pressure gradient flat-plate boundary layer and took
it from Blasius layer at Reθ = Ueθ/ν = 80 through transition to 1000, where Ue is the freestream
velocity, θ is the boundary layer momentum thickness and ν is the kinematic viscosity. They found
that the instantaneous flow fields in both transitional and turbulent regions were populated by hairpin
vortices. In contrast to the earlier studies, they found out that the hairpin vortices were mostly quasi-
symmetric. A dense population of hairpin vortices in near-wall region, referred to as “hairpin forest”
was found to exist close to the wall.
Using the DNS of Lee and Sung (2008), Lee et al (2010) studied the coherent structures of an equi-
librium turbulent boundary layer subjected to adverse pressure gradient. They scrutinized the popu-
lation trends of the spanwise vortices and their distribution among prograde and retrograde vortices
according to the normalized swirling strength being negative or positive respectivley. They examined
both a moderate and a strong pressure gradients with parameter β = δ∗/τwdP/dx = 0.73 and β = 1.68
respectively, where δ∗ is the boundary layer displacement thickness and τw is the wall shear stress.
They found that for adverse pressure gradient turbulent boundary layers, there are more prograde
vortices as compared to retrograde ones.
In summary, while there exists some concensus on the shape and geometric features of vortical struc-
tures, most such studies have been performed on the canonical flows. Studies of vortical structures
with additional strain rates like adverse pressure gradient or surface curvature are indeed rare. The
purpose of the present paper is to study the effects of adverse pressure gradient and more importantly,
effects of flow detachment on the vortical structures of the wall-bounded flow using a DNS database.
To investigate the turbulence statistics and coherent structures of wall-bounded flows under strong
pressure gradient with curvature, DNS of a converging-diverging channel flow was performed at Reτ
= uτh/ν = 617 based on the friction velocity at inlet with h as the half-channel height. Geometry of
the channel is shown in the figure 1. Details of the code used and flow characteristics can be found in
Laval and Marquillie (2010).
The pressure coefficient Cp = (P − Po)/
(
1
2ρU
2
max
)
over the bump is shown in figure 3, where Po is
the reference pressure and Umax is the maximum velocity. The friction coefficient Cf = τw/
(
1
2ρU
2
max
)
is also shown in figure 3, where τw is the wall shear stress. The flow along the upper-wall remains
attached while the flow at the lower-wall separates just after the maximum height of the bump to
form a small recirculation region. The thickness of the recirculation region is about 20 wall units
(based on inlet quantities) and its streamwise extent is almost from x = 0.54 to 1.38 with x = 1.38
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as the flow reattachment point. The spatial extent of the recirulation region is shown in figure 2.
The points of mean flow separation and reattachment have been shown in figure 1 and figure 2 as
xs and xr respectively. The skin friction at the upper-wall of channel decreases to a very small value
(Cf ' 1.55E-03) and is close to separation. For wall-unit scaling, values at x = 0 have been chosen as
reference values to avoid the issue of friction velocity uτ going to zero at flow separation. The reference
wall unit scaling is represented as ‘*’ in the superscript. The streamwise coordinate is represented by
x, the wall-normal coordinate by y and spanwise coordinate is represented by z.
2 Vortex Detection
The detection of vortical structures from DNS velocity fields is performed through the computation
of two-dimensional swirling strength from the available components of the velocity gradient tensor
∂ui
∂xj
. Swirling strength identifies vortices using the imaginary part of the complex eigenvalue of the
local velocity gradient tensor. Signed swirling strength algorithm allows one to distinguish between
positive and negative rotating vortices, which is used to collect statistics on prograde and retrograde
vortices. Signed swirling strength is given as Λci = λci × ω′/|ω′|, where ω′ is the fluctuating vorticity.
The vortex validation is done through a fit of the Oseen model to the detected vortices, providing
qualitative information on the detected and validated vortices. The velocity field of the Oseen vortex
model is given as :
~u(r, θ) = ~uc +
Γ
2pi
1
r
(
1− exp
(
−
(
r
ro
)2))
~eθ (1)
where Γ denotes circulation, uc the convection velocity, ro is the vortex core radius and eθ is the
tangential unit vector in polar coordinates. This procedure validates that the structure detected is
indeed a vortex, and allows the retrieval of the vortex characteristics (radius, circulation, convection
velocity, sub-grid position of the center) through the fitted parameters of the model. An example of
an accepted vortex is shown in the figure 4.
3 Results and Discussion
Statistical results on vortex density, mean vortex radius and mean vorticity for both streamwise/wall-
normal and spanwise/wall-normal planes have been computed through histograms made with respect
to wall-normal distance n in order to get the variation of different quantities with respect to wall-normal
distance n. The maximum wall-normal distance for the present DNS data is the half-channel height
which has been divided into 50 wall-normal layers or bins and each layer has a thickness of 8.8 based on
the reference friction velocity. For streamwise/wall-normal planes, the vortex characteristics like radius,
Fig. 2 – Region of flow recirculation over bump
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Fig. 3 – Cp and Cf over the bump
Fig. 4 – Example of an accepted vortex
vorticity, etc. depend not only on the wall-normal distance n but also vary with streamwise coordinate
x. Thus for streamwise/wall-normal planes, small regions ∆s were defined to get vortex statistics. ∆s
was chosen not to be more than ±0.1 of the corresponding spanwise/wall-normal streamwise stations.
The streamwise stations for spanwise/wall-normal planes were taken at eight positions of x = 0, 0.5, 1,
1.5, 2, 2.5, 3 and 4. The corresponding sub-streamwise/wall-normal planes are 0+0.2, 0.5±0.1, 1±0.1,
1.5±0.1, 2±0.1, 2.5±0.1, 3±0.1 and 4±0.1 respectively.
For the density of vortices, the number of eddy structures having their center in each layer or bin is
divided by the layer surface in wall units. The value obtained is called density N∗ of the vortices. For
streamwise/wall-normal plane, vortex density has been calculated as :
N∗XY =
(Vortex Count in the Bin)
Binsize×∆s
ν2
uτ 2o
(2)
where uτo is friction velocity taken at x = 0. Figure 5 shows the wall-normal and streamwise evolution
of the vortex density N∗ for the streamwise/wall-normal plane. The vortex density is maximum for
n∗ ≤ 100 and then decreases with the wall-normal distance. At x = 1, which is the region of flow
detachment, a sharp near-wall peak of vortices appears at almost n∗ = 25, indicating the generation
of a new population of vortices triggered by adverese pressure gradient and flow detachment between
x = 0.5 and x = 1 (as shown by Cf diagram in figure 3). After x = 1.5, the near-wall peak goes
down progressively, while it widens rapidly to nearly the boundary layer thickness at x = 3, which is
the relaxation region at the trailing edge of the bump. The near-wall peak of vortex density at x =
1 coincides with the substantial increase in the streamwise velocity fluctuations which refers to the
fact that the particular turbulence peak enhancement observed in adverse pressure gradient flows is
related to the generation of a new population of near-wall small vortices.
Figure 6 shows the population density N∗ for prograde and retrograde vortices in the streamwise/wall-
normal plane and it is evident that those newly generated spanwise vortices are mostly prograde. In
the recirculation region, at streamwise location x = 1.5, prograde vortices are much more numerous
than the retrograde ones. Hence a strong adverse pressure gradient and flow recirculation leads to the
generation of a large number of spanwise prograde (hole) vortices. The experimental flat plate studies
(nominally zero pressure gradient) of Wu and Christensen (2006) also showed the preponderance of the
spanwise prograde vortices as compared to spanwise retrograde vortices. Wu and Christensen (2006)
showed that the prograde spanwise vortices outnumber the retrograde spanwise vortices by 2 :1 in
the wall-normal region 0.15δ < y < 0.25δ. The current results are also supported by the findings of
Lee et al (2010), who showed that for the adverse pressure gradient turbulent wall-bounded flow, the
spanwise vortices (detected in the streamwise/wall-normal plane) are mostly prograde.
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Fig. 5 – Vortex density N∗ for the
streamwise/wall-normal planes
Fig. 6 – Prograde and retrograde vortex density
for the streamwise/wall-normal planes
The evolution of mean vortex radius scaled with reference wall units is shown in figure 7 for the
spanwise/wall-normal planes and figure 8 for the streamwise/wall-normal planes. In the spanwise/wall-
normal plane, the mean vortex radius increases sharply with wall-normal distance. At x= 0, it increases
from almost 15∗ at n∗ = 10 to 40∗ at n∗ = 500. In the region of negative skin friction at x = 1, mean
vortex radius near the wall in the spanwise/wall-normal planes suddenly drops to almost 10∗ but then
starts to increases again further downstream. The sudden decrease of near-wall mean vortex radius
at x = 1 is linked to the generation of a new population of very fine and small vortices between x =
0.5 and 1. This population is linked to the sharp wall peak observed in the figure 5. This decrease in
mean vortex radii is also found in the streamwise/wall-normal plane. In the near-wall region (n∗ =
10) at x = 1, mean vortex radius drops from 27∗ at x = 0 to nearly 10∗ at x = 1. The mean vortex
radius increases significantly with wall distance in both streamwise/wall-normal and spanwise/wall-
normal planes (from 20∗ to 35∗ in both planes for n∗ = 100-500 roughly). Looking at the streamwise
evolution, it is clear that a large number of vortices, generated from 0.5 < s < 1.0, are initially
significantly smaller than the already existing vortices (r∗ = 10 instead of 20).
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Fig. 7 – Mean Vortex Radius in spanwise/wall-
normal planes
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Fig. 8 – Mean Vortex Radius in streamwise/wall-
normal planes
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4 Conclusion
The DNS data-base of a viscous-incompressible fluid flow over a bump in a converging-diverging
channel at Reynolds number Reτ of 617 has been used for the study of vortical structures of wall
turbulence. These vortical structures have been detected in the instantaneous velocity field using the
swirling strength criteria followed by a fit to the Lamb-Oseen vortex model. Vortex densities and
mean vortex radii show that the adverse pressure gradient and resultant flow detachment along the
diverging part of the bump results in the generation of a new population of near-wall smaller vortices.
These vortices are evidenced by the development of a strong peak of vortex density near the wall in
both spanwise/wall-normal and streamwise/wall-normal planes, which develops and spreads rapidly.
These vortices have a mean radius of around 10 in reference wall units. These vortices were found to
originate at a wall-normal distance of n∗ = 20-25, in the recirculation region between flow detachment
and re-attachment points.
In the spanwise/wall-normal direction, these newly-generated vortices have been found to be mostly
prograde. The preponderance of the spanwise prograde vortices in adverse pressure gradient flows was
also noted by Lee et al (2010). In agreement with the earlier studies, the mean radius of the spanwise
vortices in reference wall units has been found to be greater than the mean radius of the streamwise
vortices. In summary, in the region of flow detachment and recirculation, a new near-wall peak of
vortex density appears whereas mean vortex radius is significantly reduced, indicating the generation
of newer smaller vortices. This set of results gives a strong indication of a different population of smaller
vortices with different physical origin (developing after the summit of the bump). The existence of this
new population of vortices certainly explains the difficulties encountered by researchers up till now to
find a proper universal scaling for the adverse pressure gradient turbulent boundary layers.
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